A model of static boson-fermion star with spherical symmetry based on scalar-tensor theory of gravity with massive scalar field is investigated numerically.
Introduction
The most natural and promising generalizations of general relativity are the scalar-tensor theories of gravity [3] - [8] . In these theories the gravity is mediated not only by a tensor field (the metric of spacetime) but also by a scalar field (the dilaton). The scalar-tensor theories of gravity contain arbitrary functions of the scalar field that determine the gravitational "constant" as a dynamical variable and the strength of the coupling between the scalar field and matter. It should be stressed that specific scalar-tensor theories of gravity arise naturally as low energy limit of string theory [15] - [17] which is the most promising modern model of unification of all fundamental physical interactions.
If string theory and its low energy limit are relevant to the real world then the dilaton must be massive [11] . Unfortunately our current understanding of how the dilaton acquires mass is primitive and it is tied to our lack of understanding of supersymmetry breaking. At present we do not have a model how the dilaton mass is generated in string theory. Besides the mass term for dilaton field we may consider the general case of arbitrary dilaton potential describing its nonlinear self-interaction.
From physical point of view it is important to know how the dilaton mass and more generally the dilaton potential influences the structure and stability of the compact object as neutron stars, boson stars and mixed fermion-boson stars.
It is known that the predictions of scalar-tensor theories of gravity with massless dilaton may differ drastically from these of general relativity. For example, the phenomenon of "spontaneous scalarization" as discovered recently [9] , [20] as a non-perturbative strong field effect in a massive neutron star. The existence of this effect poses important physical questions [10] . That is why it is natural to ask whether or not the "spontaneous scalarization" will occur when the dilaton is massive. The boson stars in scalar-tensor theories of gravity with massless dilaton have been widely studied both analytically and numerically in recent years, see for example [16] - [27] . The study of boson stars in the case of massive dilaton is physically interesting and may be important for the understanding their formation in the early universe.
In general the investigation of the compact objects in the generalized scalar-tensor theories of gravity helps us better to understand these theories. On the other hand, the investigation of matter in extreme conditions like these in the neutron stars may demonstrate new phenomena and new features of specific scalar-tensor theories of gravity originating from the low energy limit of string theory. Thus at first time we may be able to reach theoretical indications of physical manifestation of string theory in the real word [2] .
In the present paper we develop a direct numerical method for solving the equations of the general scalar-tensor theories of gravity including a dilaton potential term for the general case of mixed bosonfermion star.
In the Einstein frame the field equations in presence of fermion and boson matter are:
where ∇ µ is the Levi-Civita connection with respect to the metric g µν , (µ = 0, ..., 3; ν = 0, ..., 3). The constant κ * is given by κ * = 8πG * , where G * is the bare Newtonian gravitational constant. The physical gravitational "constant" is G * A 2 (ϕ) where A(ϕ) is a function of the dilaton field ϕ depending on the concrete scalar-tensor theory of gravity. W (Ψ + Ψ) is the potential of boson field. For example in the framework of Brans-Dicke model we have
where ω BD is a parameter.
The dilaton potential U (ϕ) can be written in the form U (ϕ) = m 2 D V (ϕ) where m D is the dilaton mass and V (ϕ) is dimensionless function of ϕ. 
Here Ψ is a complex scalar field describing the bosonic matter while Ψ + is its complex conjugated function. The energy density and the pressure of the fermionic fluid in the Einstein frame are ε = A 4 (ϕ)ε and p = A 4 (ϕ)p whereε andp are the physical energy density and pressure. Instead to give the equation of state of the fermionic matter in the formp =p(ε) it is more convenient to write it in a parametric formε
whereε 0 is a properly chosen dimensional constant and µ is dimensionless Fermi momentum. The physical four-velocity of the fluid is denoted by u µ . The potential for the boson field has the formW
Field equations together with the Bianchi identities lead to the local conservation law of the energymomentum of matter
We will consider a static and spherically symmetric mixed boson-fermion star in asymptotic flat space-time. This means that the metric g µν has the form
where r, θ, φ are usual spherical coordinates. The field configuration is static when the boson field Ψ satisfies Ψ =σ(r) e iωt .
Here ω is a real number andσ(r) is a real function. Taking into account the assumption that have been made the system of the field equation is reduced to a system of ordinary differential equations. Before we explicitly write the system we are going to introduce a rescaled (dimensionless) radial coordinate by r → m B r where m B is the mass of the bosons. From now on, a prime will denote a differentiation with respect to the dimensionless radial coordinate r. We also define dimensionless quantities by
The components of the energy-momentum tensor of the fermionic and bosonic matter, written by the dimensionless quantities are correspondingly
The parameter b = κ * ε0
describes the relation between the Compton length of dilaton and the usual radius of neutron star in general relativity.
Posing the Problem
In terms of the dimensionless quantities the system of the field equations (1) together with (5) can be reduced to the following system of ordinary differential equations
Here the function e λ(r) (see (6)) is given by
, the function T 1 depends on the components of the energy-momentum tensor of the fermionic and bosonic matter (7) -(9)
the functions B T and F T represent respectively the trace of the energy-momentum tensor of fermionic and bosonic matter (2) -(3) and are defined by the formulae:
the functions f (µ) and g(µ) (see (4) ) have the form
at last the function
Let us note that for arbitrary functions f (µ), g(µ) and α(ϕ) the equation (14) has a first integral, which can be presented as:
where a and b are two arbitrary points, 0 ≤ a ≤ b ≤ 1 and ν a , ν b , ϕ a , ϕ b , µ a , µ b stand for the functions ν(r), ϕ(r), µ(r) at these points. Thus for the model described by the conditions (15) - (16) we have the following algebraic equation
Let us now complete the problem adding proper boundary conditions to the system of differential equations (11)- (13) .
The asymptotic flatness means that the function ν(∞) = 0. On the other hand the nonsingularity condition at the center requires the derivative ν ′ (0) = 0. The nonsingularity of the function ϕ(r) at the center of the star implies the derivative ϕ ′ (0) = 0, while at the asymptotic infinity ϕ(r) when r → ∞ must be ϕ ∞ = 0 as it is required by the asymptotic flatness. Nonsingularity of the function σ(r) at the center of the star requires the derivative σ ′ (0) = 0. We require finite mass for the star, which implies σ(∞) = 0. In addition the central value σ c = σ(0) must be given. Concerning the fermionic fluid we have to give the central densityε c =ε(0) or equivalent, the central value µ c = µ(0).
It should be noted that for physically relevant equations of state for the fermionic matter there must be a point r = R s where the pressure of the fermionic matter vanishes, i.e., R s is the radius of the fermionic part of the star.
Hence we can formulate the following linear boundary conditions arising from the above mentioned physical assumptions for the quantities under consideration:
Apart from the unknown functions ν(r), σ(r), ϕ(r) and µ(r) the equations (11) -(14) include also two unknown parameters R s and Ω. For their computation the seven boundary conditions (18)-(21) are not sufficient. In order to determine these parameters we have to use additional conditions, i.e., the problem may be considered as a nonlinear eigenvalue problem where R s and Ω are considered as eigenvalues. For this purpose further we use the conditions
3
Method of Solution
For solving the above posed nonlinear eigenvalue problem the Continuous Analogue of Newton Method (CANM) (see [32] , [33] ) is used. The presence of the a priori unknown quantity R s , however, is an obstacle for direct use of the CAMN -the problem is an unknown internal boundary R s . In order to overcome it we introduce [34] a new scaled coordinate x = r Rs . In this way the physical domain r ∈ [0, ∞] renders to the domain x ∈ [0, ∞) and the point r = R s maps into point x = 1. Then the boundary condition (23) for µ(x) becomes
For the sake of convenience we introduce the vector y(x) = {ν(x), ϕ(x), σ(x)}. Then the first three equations (11) -(13) of the problem can be written as follows:
where F = F(x, y, y ′ , µ, R s , Ω) is 3D vector consisting of the right hand sides of the equations (11) -(13) multiplied by R 2 s x and by (.) ′ is denoted the differentiation with respect to the new independent variable x.
Following the CANM we introduce a "time"-like parameter t ∈ [0, ∞) and assume the unknown quantities depend on t as well: y = y(x, t), R s = R s (t), Ω = Ω(t). If we suppose that the function µ = µ(x) is known (see below), then the Gavurin equations [32] corresponding to the equation (25) becomes:ḟ
The equation (26) written in detail has the form:
Here ∂F ∂(.) are the respective Frechet derivatives at the point (y, R s , Ω). On the other hand we present the function z(x) as a linear function towards the derivatives ρ and ω
where u(x), v(x) and w(x) are supposed to be new unknown 3D vector-functions of x. Substituting for them in the equations (28) after obvious manipulations we obtain the following three vector ODE of second order with respect to these functions:
The above three equations are coupled with the following six boundary conditions:
w ′ (0) = 0, w(∞) = 0,
which are obtained from the original boundary conditions (18) -(20) applying the CAMN over them. Let us emphasize that above equations have an equivalent structure of the left hand sides, which essentially eases their numerical treatment.
In order to calculate the derivativesṘ s = ρ andΩ = ω we will use the first additional boundary condition (22) . Applying the CAMN to it, we obtain simplẏ
One more condition is required. Unfortunately the second additional condition (24) is not convenient for this purpose because one has not knowledge about the decomposition (29) concerning the function µ(x). We avoid this difficulty using the equation (17) for a = 0 and b = 1. Taking into account the conditions (21) and (24) we obtain an algebraic equation with respect to the quantities ν(0), ν(1), ϕ(0), ϕ (1) . Applying the CANM to this equation we obtaiṅ
Let us now eliminate all the derivatives in relation to "time" t by means of the decomposition (29) . As result we obtain following linear system of algebraic equations:
with respect to the unknown derivatives ρ and ω. The coefficients in (37) are:
General Sequence of the Algorithm
We discretize the continuous "time"-like parameter t ∈ [0, ∞) in following way: t k+1 = t k + τ k , t 0 = 0 where k = 0, 1, 2, ... denotes the number of iterations and the time step τ k is generally variable quantity. Further we use the Euler difference scheme [33] to approximate the equations (27) . Then we can write
Let us assume that the functions ν k (x), ϕ k (x), σ k (x), µ k (x) and parameters R s,k , Ω k are given. We solve the linear BVP (30) -(32) and thus we compute the functions u k (x), v k (x), w k (x). Next, to obtain the derivatives ρ k and ω k we solve the system (37) . So using the decomposition (38) we calculate the functions ν k+1 (x), ϕ k+1 (x), σ k+1 (x), the radius of the star R s,k+1 and the quantity Ω k+1 as well at the new stage k + 1. In the end, we calculate the function µ k+1 (x) at the new stage using the recurrent formula which can be obtained immediately from the first integral (17) for a = x i and b = x i+1 , i = 0, 1, ..., N s − 1.
At the every iteration k an optimal time step τ opt is determinated in accordance with the Kalitkin& Ermakov formula [30] τ opt = δ(0) δ(0) + δ(1) where the residual δ(τ ) is calculated as follows
and δ f is the Euclidean residual of right hand side of the equation (30) .
The criterion for termination of the iterations is δ(τ opt ) < ε where ε ∼ 10 −8 ÷ 10 −12 . Then the searched solutions are ν(
Depending on the initial values of government physical parameters the number of iterations varies in the range 4 ÷ 16. If we vary some solution as function of one of the parameters µ c , σ c , γ, Λ or b, then we use the previous solution as initial approximation for computing the next one.
Spline-Collocation scheme
The spline-collocation scheme for solving the linear BVP's (30) -(35) is used.
We introduce a nonuniform in generally grid in the interval x ∈ [0, X ∞ ] in the following manner: x i+1 = x i + h i , i = 0, 2, . . . , N s , N s+1 , . . . , N − 1, where X ∞ is the 'actual' infinity, N s is the number of the knot x = 1, N is the full number of the spline knots and h i is the step. In order to increase the precision of the searched solution we prefer to approximate everyone of the functions using cubic Hermitean splines, namely:
and the collocation knots will be the Gaussian points in the interval θ ∈ [0, 1]. For simplicity in the last formula we introduced the following abbreviations:
Here the functions u j , v j , w j , j = 1, 2, 3 are the coordinates of the vectors u, v, w, respectively from (29) at the spline knots and m j,k , j, k = 1, 2, 3, are their first moments at the same knots. According to the collocation method [35] in every subinterval [x i , x i+1 ] , i = 0, ..., N − 1, the system (30)-(32) is satisfied at the Gaussian points. This kind of approximation yields an algebraic system with respect to the functions and their moments at the spline knots and its matrix has the following almost block-diagonal structure (see [28] , [35] ):
The i-th block corresponds to the approximation of equations in the i-th interval [x i , x i+1 ]. The first row in the i-th block corresponds to the first Gaussian point, while the second -to the second Gaussian point in the same interval. At the same time every element of the matrix appears in itself to be a matrix as well, in this case its dimension is 3 × 3. Thus the i-th block has the following form:
for k = 1, 2, 3 , n = 1, 2, 3 , j = 1, 2 .
Here b(θ),ḃ(θ) andb(θ) are the coefficients of Hermitean spline and their derivatives with respect to the argument θ at the collocation knots (Gaussian points). Therefore at the i−th block (i = 1, . . . , N − 1) the collocation equations become
where e i is the vector of right hand sides of the equations (30)-(32) at the collocation knots, whilst the superscript corresponds to the number of these knots. The dimensions of the first and the last block in the global matrix are greater since there are added two matrix rows on account of the left and the right boundary conditions, respectively. These rows are presented as: 
Results and Discussion
To be specific in the present article we restrict our attention to a concrete scalar-tensor gravity model with functions
For more details concerning this gravitational model we refer the reader to recent paper [13] and references therein. The order of approximation of used spline-difference scheme is verified trough the Runge rule and it is proved numerically that it really has fourth order of approximation. For example in the Table 1 are presented the values of the searched grid functions at spline knot x = 1, the respective radius of star R s and the quantity Ω for σ c = 1, µ c = 1, Λ = 0.01, γ = 1, b = 1. It is easy to see that at this knot the relationship
holds. We note that the quantities R s and Ω satisfy the Runge rule as well. Table 1 . The correctness of the spline-difference scheme is verified through appropriate numerical experiments consisting of both, grid doubling and doubling of the "actual" infinity. For this purpose uniform meshes are used with number of the spline knots N = 128, 256, 512, 1024, 2048, respectively. It turned out that the relative error between the values of functions ν(x), ϕ(x), σ(x) and µ(x) varies in the range 0.1% − 2% when the mesh is "coarse" (N = 128, 256) and in the range 0.003% − 0.02% when the mesh is "fine" (N = 1024, 2048). Similar experiments are carried out with the "actual" infinity for X ∞ = 64, 128, 256. It is interesting to note that the relative error between the set functions ϕ(x), σ(x) and µ(x) are very small (about 3 × 10 −6 %) whilst the function ν(x) is more sensitive with respect to the choice of quantity X ∞ . This its feature is fully explainable taking into account that function ν(x) abates slowly at the infinity (theoretically ν(x) ∼ 1
x when x → ∞) compared to the else functions. As example in Table 2 are presented the computed values of the derivative ν ′ (X ∞ ) as function of the "actual" infinity X ∞ . It is easy to see the relationship ν ′ (X ∞ ) = k X 2 ∞ where the constant k depends on the concrete solution (for the above solution k ≈ 1.133). All the government parameters are varied in wide physically admissible ranges. As initial distributions of the functions ν(x), ϕ(x), σ(x) and µ(x) are used both analytic and numerical approximations.
The results concerning a family solutions which are obtained for the following fixed values of the parameters: µ c = 0.5, Λ = 10, γ = 10, b = 1, "actual" infinity X ∞ = 128 when the parameter σ c runs the interval [0.1, 0.9] will be considered below. Fig.1 presents the dependence of the function ν(x) on the dimensionless coordinate x for three different values of σ c ∈ [0.1, 0.9]. It is seen that when σ c increases the absolute value of ν(x) as a whole decreases, too and at great distances (from 3 calibers when σ c = 0.1 till 45 calibers in the case σ c = 0.9) from the star center approaches asymptotically the zero. The qualitative behaviour of the three curves however remains the same. Such a behaviour is natural and should be expected as one take into account the differential equation (11) for ν(r). From physical point of view this behaviour is also natural because the function exp( ν(x)
2 ) is related with gravitational potential. Figure 2 presents the dependence of the dilaton field ϕ(x) on the dimensionless coordinate x for four different values of σ c ∈ [0.1, 0.9]. The qualitative behaviour of the dilaton field ϕ(x) as a function of σ c is following. For small values when σ c increases the dilaton field decreases as a whole, too. Then after some value σ * c the decreasing of ϕ(x) is changed and ϕ(x) begins to increase with the increasing of σ c . The cause for the described behaviour is the term B T on the right hand side in the equation (12) for ϕ(x). The dependence of the function σ(x) on the dimensionless coordinate x for three different values of σ c ∈ [0.1, 0.9] is presented on Fig.3 . The qualitative behaviour is the same for the three different values of σ c . When σ c increases the function σ(x) also increases on the center of the star as one may expect taking into account the explicit form of the equation (13) for σ(x). Then it approaches the zero at infinity (rapidly when σ c = 0.1 and more slowly when σ c increases). It is worth to note that the function σ satisfies simultaneously the left boundary condition (20) and the "redundant" boundary condition (22) .
In the next Fig.4 the dependence of the function µ on the dimensionless coordinate x is presented for three different values of σ c ∈ [0.1, 0.9]. The qualitative behaviour of the three curves is the similar. In agreement with the initial assumption it is nontrivial within the star only. It is seen that when σ c increases the function µ(x) increases as a whole, too. This fact is related to the effect of an increasing of the gravitational field with the increasing of σ c -the star becomes more compact which leads to the greater density of matter, respectively to the function µ. The same may be seen in Fig.5 -when the central value σ c increases the radius of the star R s decreases about 10 times.
From physical point of view it is important to get knowledge about the behaviour of the quantity Ω exp(− ν(0)
2 ) as a function of the central value σ c . That quantity may be considered as the energy of one boson particle in the gravitational field yielded by the rest matter. In Fig.5 is shown that Ω exp(− ν(0)
2 ) increases along with σ c , which one should expect because the energy of system has to increase along with the increasing of the central density of star, respectively σ c .
The conducted till now analysis of obtained results has not claim on completeness. The full discussion from the physical viewpoint will be object of our forthcoming paper.
Concluding Remarks
A direct iterative method for obtaining the physical features of static boson-fermion star with spherical symmetry is developed.
A linearization of the government equations based on the continuous analog of Newton's method renders the original two-parametric nonlinear spectral problem to three two-point linear vector BVP and a linear system of algebraic equations for the spectral parameters. Hermitean splines and collocation schemes in fourth order of approximation for solving these BVP are used.
Let us note that this method is equally applicable to the nonlinear spectral problems in the various physical problems (see [31] , [29] ). 
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